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China University of Science and Technology, Hefei, Anhui, People's Republic of China 
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Abstract. This work shows that the technique of integration within an ordered product 
( I W O P )  provides us with a very simple approach to deriving the normal product form of 
some multimode exponential operators, which greatly simplifies the calculations of nor- 
malising some state vectors in Hilbert space. 

1. Introduction 

As is well known, many normally ordered exponential operators [ l ]  are widely used 
in quantum mechanics. Recently, a convenient approach to normally reordering some 
exponential operators is developed and is called the technique of integration within 
an ordered product ( IWOP)  [2-41. For example, let a, be the annihilation operator of 
a harmonic oscillator, satisfying the commutator [a,,  U ; ]  = S,, ( i ,  j = 1 ,2 , .  . . , n ) ,  with 
a, annihilating the vacuum state IO),, whose normalised eigenstate (coherent state) [ 5 ]  
is denoted as Iz,) = exp[z,u, - z?a,]lO),, which possesses the overcomplete relation 

where : : stands for the normal product and we used 
IO),,(OI = :e-+!: 

as well as the following integration formula 

Using (3) and the IWOP we can readily put the operator efola2 eg"i"i into the normal 
product form [6] 

+z:u, - a : u ,  +z~a2+fz,z,+gzTzz*l: 

where Re( 1 - fg) > 0 guarantees a convergent integration in (4). 

(4) 
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The method of derivation of (4) is, of course, quite simple and thus motivates us 
to tackle some other more complicated exponential operators. In sections 2 and 3 we 
try to put some multimode exponential operators into normally ordered form by 
exploiting the IWOP technique and the completeness relations of coordinate, momentum 
and the coherent state representations. In so doing, we can obtain some new operator 
identities. In section 4 we show that these new identities can facilitate the calculations 
of the normalisation factors of some state vectors in Hilbert space. 

2. The normally ordered form of exp[aiaijajl e x p I a ~ ~ ~ ~ a j 1  

In the following we shall adopt the Einstein convention-if an index is repeated in a 
term, summation over it from 1 to n is implied. 

Consider then how to normally reorder the operator S = exp[ u,u,u,] exp[ a I T,,u;], 

where u and 7 are both n x n symmetric matrices. No research has so far tackled this 
problem. In this section we show that the I W O P  and the following integral formula in 
a complex Hilbert space can solve this problem. The formula is 

A B  
I =  I [+I exp[ -t(Z z*)( C D )( z* ') + ( c L  .*I( :*)I 

C D  A B  
A B  ( 5 )  

where A, B, C, D are all square matrices of order n, B = E, C = 2. and 

(z z*) = ( z l  z2 . . . 2, ZT Z T  . . . z:). ( 6 )  

Equation ( 5 )  can be found in [7]. The existing condition for this integral is also 
discussed in some detail by Berezin [7]. In all the following integration calculations, 
wherever necessary, we assume the conditions are satisfied for stressing the main point 
of our technique. An equivalent form of ( 5 )  is 

C D  C D -' U* 
I = [ det( A B  )I-''* ex,[ ~ ( C L  V*)( A B )  ( .)] 

where we used 

( " , * = ( O  ">( p )  ( O  ' ) - I = ( '  *) 1 : n x n  unitmatrix. n o V* n o  n o  

( 7 )  

As a result of (7) and the I W O P  we are able to put S into the normal product form, e.g. 

= 14 (?) : e x p [ - z ~ z , + u ~ z , + a , z ~ + z , u , z , + z ~ ~ , , z , * - u ~ u , l :  

=la(+) I T  :exp[ - f ( z  ;*)(-iff -27 )( z* ' ) + ( a '  u ) ( ; * ) - a : u , ] :  

=[det( -2u ' -tT)]-1'2:exp[f(u' U ) (  -2u ' -:')-I(:,) -a:a,]: 
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where (a' a ) = ( a ;  a i . .  . a i  a ,  a 2 . .  . U " ) ,  U and T should be such as to give a 
convergent integral as demanded by [ 7 ] .  According to the method of partitioning of 
matrices for finding the inverse and the determinant of a matrix [SI 

( A  - B D - ' c ) - ~  A - I " (  CA-'" - D)- ' '  
D- 'C(  BD-IC - A ) - '  ( D  - CA-'")- '  

( A  C D  " ) - I = (  

det( A ") = det A det( D - CA- 'B)  
C D  

where, wherever necessary, we assume the matrices are non-singular, we have 

Thus (9) can be further expressed as 

s = [det(?]-4a~)]-"* exp{a:[(n-4~u)-'T],a;) :exp[a:(l1--4~u),/~a, -aTa,]: 

x exp{a,[ ( n  -4UT)-'U],,U,). (13 )  

Using the operator identity [9] 

exp(arA,,a,) = :exp[al(e ' - U),a,]: 

:exp{a:[(l- 47u)-' - n],,a,} := exp{a:[In(D - - ~ T U ) - ~ ] ~ U , } .  

( 14 )  

we can rewrite the second exponential operator in (13 )  as 

(15 )  

In particular, if 2 ~ , ~  = A  2~~~ = g, then (13 )  reduces to ( 4 ) .  As another example of 
using (13) ,  we examine the following case: 

It is easy to calculate 

Therefore, from (13)  we directly obtain 
e ~ a , a 2 + p a 2 u 3  e ~ ' a ; u ~ + p ' a ~ u ~  
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A ' a  ,a ,  + p'a,a,  

1 -AA' -pp '  L, 

1 
1 - A A ' - p p '  

- - 

1 
1 - A A ' - p p '  [ U I U A A  ' + U ;az( A A  ' + pp ' ) 

ACJ,U,+UU,U,  

{ x :exp 

+ a:a,pp'+ A'pa:a,+ p'Aa:a,] 
1 - AA ' - pp' 

In the third example let us consider what is the normal product form of W =  
exp[Ka:+6alaz] exp[K'a;*+6'a;a~];  in this case 

K 6 / 2  o )  7=(&  6;2). 

It then follows that 

K 
(1 - 4UT)-'U = 

Y (1 - 66')'-4KK'. (20) 
K '  

( 1 - 4'VT-I 7 = 

Therefore 

W =  Y-'l* exp{ Y - ' [ K ' U ~ ' + ~ ' ~ K U ~ ~ + ~ ' ( ~  -Ss ' )a ;a ; ] }  

x exp{ Y-'[  Ka: + S2K 'a: + S ( 1 - 6 6 ' ) ~ ~  a*]}. (21) 

In particular, when 6 = S f =  0, (21) reduces to 

The operator identities (13), (18) and (21) seem to be first reported here. It  must be 
emphasised that in deriving them we have used the existing condition of the integration 
(9); for example, (18) is derived under the condition: Re(hA')< 1 and 
Re(pp'/(l - A h ' ) )  < 1,whereas(22)isdeducedunderthecondition: Re(-1 + K + K') C O ,  
Re[( 1 - 4KK') / (  -1 + K + K ' ) ]  < 0; or Re( -1 - K - K')  < 0, Re[( 1 -4KK') / (  -1 - K - 
K' ) ]  < 0. 

3. Normally ordered expansion of e~p~2~A,,,,2,,,1 and exp~fi~Al,,,fi,,,l 

In this section we aim at transforming e~p[i?/A/~i?,,,] and exp[ plfl,m@m] into normal 
product by exploiting the completeness relations of coordinate and momentum rep- 
resentations, where A and Cl are both 3 x 3 symmetric matrices. Let Ix) ( I p ) )  be a 
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coordinate (momentum) eigenstate with x = ( x , ,  x2,  x3) ( p  = ( pI , p r ,  p 3 ) )  in three- 
dimensional Euclidean space. As is well known, the representation theory of Dirac 
[ lo]  tells us - 

dxlx)(xl= 1 i , lx)  = XlIX) dx  = dx,  dx, dx, ( a , + a f )  
2 MO I 

1 = (1 ,2,3)  (24) 

Using the Fock representation of lx) and i p )  (let h = M = w = 1) 

Ix) = 7 ~ - ~ ’ ~  exp[ - t x : + J i x , a ~ - ~ a ~ ’ ] ~ ~ ~ ~ )  

Ip)= n- exp[ -fp:+Jiip,a~+fa,’]1000) 

(25) 

(26) - 3  4 

we can go a crucial step further to recast (23) and (24) into 

7~ - 3 / ?  I dx :exp[-(x,-i,)’]:= 1. 

dp  :exp[( - p ,  - @,)?I := 1. 

Then using the following integral formula: 

d x  exp[-x,N,,x, + V,x,] = .n3”(det N)-”* exp[aV,N;,’ V,] N = k  (29) 5 
where N stands for a positive definite 3 x 3 matrix, and the IOWP, we can expand 

exp[i,A,,i,] = I dx e ‘ ~ ‘ ~ * ~ ~ ‘ ~ ~ ~ ~ x ) ( x ~  

A? = 1 dx T-’’? :exp[ -xi + A x , (  ay + a,) + x/Almx, - x;]: 

= [ dxlr-3 :exp[-x,(U-I~), ,xm+2x(i,- i:]:  

= [det( 1 -A)]-”’ :exp[?,(D - A )  22, -a:]: 
where the matrix 1 - A  should be positive definite. Similarly, we have 

(30) 
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4. Applications 

The above-derived normally ordered expansion of (13) can greatly simplify the calcula- 
tion of determining the normalisation factor of some state vectors. For example, let 
us first consider the following state: 

/ A ,  p ) =  c exp[Aa~a~+pa:a~]~OOO) L l * +  lPI*< 1 (32) 

where c is the normalisation factor to be determined. Using (18) and the property of 
normal product we immediately have 

/ c l *  1 = ( A ,  p l A ,  p ) =  /c/*(OOO1 exp[A*a,a2+p*a~a3] exp[Aa~a~+pa’;a~]1000)= 1 - / A I Z -  Ip /*  

which leads to 

I c I  = (1 - IA 1’-  PI')''^. 
When p = 0, A = tanh r, c = sech r, (32) reduces to the well known two-mode squeezed 
vacuum state [ 111. We now give another example by evaluating the normalisation 
factor of the following state vector with a real parameter y :  

I + ) =  c e x p [ y ( u ~ 2 + u : 2 + a ~ 3 - a T a ~ - a ~ a ~ - a T a ~ ) ] / ~ ~ ~ )  

(34) 

This evaluation would be difficult if we did not have the formula (13). Fortunately, 
we can now use (13) to directly obtain 

1 = ( + I + ) = / ~ l ~ [ d e t ( I - 4 w ’ ) ] - ” ~ = I c l ~ / ( l  -9y’). (35) 

IC1 = (1 -9y*)l’*. 

Therefore, the normalisation factor is 

Operating with U ,  , a,, a3 on I+), respectively, we have 

There now follow the three independent equations 
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By setting 

w - W  y z  
3(w+W) 

we get 

so the state I$)  becomes 

1839 

which is just the ground state [ 121 of the three-coupled oscillator whose Hamiltonian 
is given by [13] (here we recover M and w )  

P: M K H = -+ - w * $  +- [ (9, - i2)* + (az - 2,)' + (2, - a,)'] 
2m 2 2 

and w is related to W by W2=w2+3K/M. 
In summary, we see that the IWOP technique can greatly simplify the operation of 

normally ordering some multimode exponential operators. Needless to say, the formal- 
ism in this work can also be generalised to discuss the case of fermion operators, since 
we have already introduced the IWOP technique into the fermionic system [14]. 
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